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Introduction
Much recent research on households' saving and investment behaviour has focused on financial literacy, that is, on individuals' knowledge of such fundamental financial concepts as compound interest, and their ability to apply such knowledge when making financial decisions; see Lusardi and Mitchell (2007) and van Rooij et al . (2011) , inter alia. In this paper, we take a different but related perspective on households' savings decisions. We start from the -at least to us -natural assumption that even financially sophisticated individuals do not solve intertemporal optimization models when they make their saving and investment decisions. Rather, they often use simple or sophisticated decision rules, which we call rules of thumb in this paper. The question we ask is: How large is the utility loss that households incur when they use such rules of thumb rather than solve an intertemporal optimization problem?
It is a well-known finding from psychological research on decision-making that individuals use heuristics, or rules of thumb, in making judgements and decisions. In economics, ruleof-thumb behaviour has been recognised as an important aspect of bounded rationality since the seminal work by Simon (1955) . 1 Life-cycle consumption and saving decisions are a case in point. There is a large literature on such models and their solution. In realistic versions which incorporate income uncertainty, the solution of the underlying intertemporal optimization problem is rather complicated. It requires backward induction, and no closed-form solution for current consumption as a function of the relevant state variables exists. Many authors argue that individuals are unable to perform the calculations which are required to solve the underlying intertemporal optimization problem by backwards induction; see, inter alia, Wärneryd (1989) , Pemberton (1993) , Thaler (1994) , and Hey (2005) .
Standard economic theory is based on the notion that if individuals have preferences over all possible states of nature at the current and any future date, and if their behaviour is time consistent, there exists some intertemporal utility function that individuals maximise. The standard approach in the literature on households' life-cycle behaviour is to assume that preferences are additively separable over time and that there is some discounting of future utility. More specifically, it is standard to assume that the rate at which individuals discount future utility is constant and that the within-period utility is of the constant relative risk aversion (CRRA) type. 2 There exists a well-defined intertemporal optimization problem that corresponds to these intertemporal preferences.
This problem is well understood, and the standard model of life-cycle saving serves as a powerful tool in applied research and policy analysis. 3 Many important questions remain open, however. Do individuals behave according to the solution of an intertemporal optimization problem? If not, how do individuals make intertemporal choices? Further, if the assumptions of the standard life-cycle model are not empirically warranted, can it nevertheless deliver predictions that are valid in practical applications? There is a large and still growing empirical literature that addresses these issues from different perspectives. 4 It is our reading of this literature that the question whether rational behaviour is an empirically valid assumption in life-cycle models is still open.
A few examples serve to illustrate this point. In experimental studies of intertemporal decision making, rational behaviour is frequently rejected. In the context of life-cycle models, a series of experimental studies test whether individuals perform backward induction in cognitive tasks that involve some dynamic trade-off, see Johnson et al . (2001) , Hey and Dardanoni (1988) , and Carbone and Hey (1999) . In their experiments, backward induction, and hence rational behaviour, is strongly rejected. In experimental studies of search models (which is an intertemporal decision task slightly different from life-cycle decision making, but more akin to experimental study), Moon and Martin (1990) and Houser and Winter (2004) find that individuals use heuristics that are quite close to optimal, but still different from optimal search rules (which have to be computed by backward induction). Additional evidence on the prevalent use of heuristics in intertemporal or dynamic decision problems comes from a series of experiments by Hey and Lotito (2009) , Hey and Panaccione (2011) , and Hey and Knoll (2010) . More closely related to the topic of this paper, Anderhub et al . (2000) and Müller (2001) document that individuals use relatively sophisticated heuristics, but do not use backwards induction, in experimental studies of a simple saving task. Finally, Binswanger and Carman (2011) present survey data on the use of rules of thumb in actual household decisions. They show that three types of households -planners, rule-of-thumb users, and "unsystematic" savers -each make up about a third of their sample. Interestingly, the wealth outcomes of rule-of-thumb users are similar to those of planners.
In our analysis, we take a normative perspective, maintaining the assumption that individuals have standard intertemporal preferences. Our point of departure is the observation that individuals have limited computational capabilities. We characterise individuals who follow simple heuristics, or rules of thumb, rather than use the decision rule given by the solution to the dynamic optimization model that corresponds to maximizing their preferences. More specifically, we compute life-cycle saving decisions under three different exogenously specified saving rules and compare the outcomes with the optimal solution. The criterion used for this comparison is a consumption equivalent: We express losses in life-time utility associated with rule-of-thumb behaviour in terms of additional consumption required to give individuals the same utility they would achieve if they behaved optimally. The life-cycle model we use is characterised by both income and life-time uncertainty. Both the model and the approach used to solve the dynamic optimization problem numerically are standard in the literature, following Deaton (1991) and Carroll (1992 Carroll ( , 1997 . Our approach is related to earlier work on near-rational behaviour in intertemporal consumption and saving problems by Cochrane (1989) and Lettau and Uhlig (1999) .
Rules of thumb have been analysed in life-cycle saving models before, in particular in tests of the life-cycle/permanent income hypothesis in the macroeconomics literature. Starting with the seminal paper by Hall (1978) , a series of studies assume that a fraction of the population behaves according to some simple rule of thumb such as "just consume your current income in every period" while the rest of the population behaves optimally. 5 Estimates of the fraction of rule-of-thumb consumers in the population range between zero and well above 50 percent and depend heavily on assumptions about households' preferences and econometric estimation approaches. In this paper, we explore such a simple consumption-equals-income rule and two other saving rules that have been used in the economics literature on life-cycle saving behaviour. More recently, Scholz et al . (2006) studied saving behaviour using data from a sample of older American households. They show that observed saving decisions are closer to the solution of an intertemporal optimization model than they are to two simple rules of thumb (one assumes a constant saving rate while the second is based on age and income specific average saving rates). Also related to our research question is a recent study by Calvet et al . (2007) who quantify the welfare losses that result from sub-optimal portfolio choices (which are perhaps driven by rules of thumb as well) using Swedish data.
We should point out that we use the term rule of thumb for any decision rule that is (i) not the solution to an underlying utility maximization problem and (ii) easy to derive and apply for individuals with limited computational capabilities. This terminology is consistent with the use in behavioural economics and psychology, as discussed by Goodie et al . (1999) . In most of the economics literature, the term "rule of thumb" is typically used in a much more narrow sense, namely, for households that spend a fixed fraction or all of their income in every period; see Deaton (1992b) and Browning and Crossley (2001) . 6 This is only one of the rules of thumb we consider. As will become clear below, the other rules of thumb that we analyse are forward-looking and therefore much closer to the life-cycle framework than the "fixed consumption" rule of thumb usually postulated in economics.
The remainder of this paper is structured as follows. In Section 2, we present a version of the standard life-cycle model of saving decisions which allows for both life-time and income uncertainty. Next, we describe three saving rules which can be used in this framework (Section 3). In Section 4, we simulate and compare saving decisions based on the these saving rules. Section 5 concludes.
The benchmark life-cycle saving model
We assume that an individual's or household's optimal life-cycle consumption and saving behaviour can be derived from a well-defined intertemporal optimization problem, given additively separable preferences with constant exponential discounting. We use a version of the standard life-cycle model with borrowing constraints and both life-time and income uncertainty which is an extension of the model proposed by Carroll (1992 Carroll ( , 1997 . In the remainder, it is understood that the decision-making unit is the household even though we usually refer to individual decisions.
Households are assumed to maximise, at each discrete point τ in time, the expected discounted stream of utility from future consumption. The per-period utility function is denoted by u(C τ ), to be specified below. Future utility is discounted by a factor (1 + ρ) −1 , where ρ is the time preference rate. The interest rate is denoted by r. The maximum age a person can reach is T , and we define s τ t as the probability of being alive in period t conditional on being alive in period τ . To simplify notation, we also use a binary random variable that indicates whether an individual is alive in period t:
The individual's intertemporal optimization problem can be stated as follows. In the planning period τ , the maximization problem is given by:
(1)
Maximization of expected discounted utility given by (1) is subject to a standard law of motion for assets A t (2) and a borrowing constraint (3). Note that while the household will optimally hold zero assets at the end of terminal period T , the individual might die before T with non-zero assets, i. e., there are accidental bequests in our model.
Income Y t is determined by an exogenous process which is widely employed in the lifecycle literature (see, e. g., Carroll, 1992 Carroll, , 1997 Cocco et al. , 2005) . This process features a deterministic hump-shaped pattern as well as both permanent and transitory shocks.
In particular, income Y t can be written as
where P t is the permanent income component and V t is the transitory shock. Recall that the random variable S t reflects life-time uncertainty and takes the value 1 as long as the individual is alive while it is set to zero thereafter. The permanent income component P t itself follows a random walk with a drift
where G t incorporates the deterministic and exogenously fixed hump-shaped life-cycle pattern of income and N t is the permanent shock. Both transitory shocks V t and permanent shocks N t are i.i.d. log-normally distributed random variables with unit expectation and variance σ 2 v and σ 2 n , respectively. Finally, we assume that the within-period utility function is of the Constant Relative Risk Aversion (CRRA) type,
where γ is the coefficient of relative risk aversion (and the inverse of the intertemporal elasticity of substitution).
As in any model of intertemporal decision making, the individual's decisions can be described by a time-invariant decision rule, i. e., a mapping from states into actions. In the life-cycle saving model, such a decision rule will be a function C t = C t (A t , Y t ) that maps current assets and current income into saving decisions. As noted before, we take the decision rule given by the dynamic programming solution to the intertemporal optimization problem as a benchmark. All other decision rules (i. e., any function that maps states into actions) are interpreted as rules of thumb or heuristics. In the next section, we present three such rules.
Before we analyse how rules of thumb perform relative to the benchmark solution, we conclude this section by briefly sketching how the solution to the intertemporal optimization model given by (1) -(5) can be computed. While there does not exist a closed-form solution, the optimal allocation of consumption over time is characterised by the following first-order condition:
This is a modified version of the well-known standard Euler equation in which next period's expected marginal utility is weighted with the conditional probability of being alive in period t + 1. While the intuition of Euler equations such as (7) -balancing marginal utility across periods -is clear, there does not, in general, exist a closed-form solution which would allow individuals to compute their optimal consumption decision in each period. Rather, every consumer has to solve, in each decision period, the entire life-time optimization model by backwards induction. As noted by many authors before, this procedure is computationally demanding, and we can safely assume that individuals do not actually solve this problem when making their consumption and saving decisions; see, e. g., Hey and Dardanoni (1988) . Moreover, Pemberton (1993, p. 5) points out that the intuition behind the Euler equation does not help to find simpler behavioural rules that would generate as if behaviour.
To solve the intertemporal optimization problem for the case with implicit borrowing constraints numerically, we apply the cash-on-hand approach by Deaton (1991) in the version developed by Carroll (1992) . Cash on hand, denoted by X t , is the individual's current gross wealth (total current resources), given by the sum of current income and current assets,
In order to reduce the number of state variables we follow the approach in Carroll (1992) and standardise all variables by the permanent income component. The solution to the optimization problem is then computed by backwards induction over value functions starting in the last period in life T where households consume all remaining wealth. Taking this into account the optimal behaviour in period T − 1 can be computed, etc.
From a more technical point of view we employ equally spaced grids for both standardised cash on hand and standardised savings. Piecewise Cubic Hermite Interpolation is used for points not on the grid. Shocks to the income process are approximated by Gauss-Hermite quadrature.
Three rules of thumb for life-cycle saving decisions
In this section, we present three decision rules that allow individuals to make their lifecycle saving decisions. Such rules of thumb might be used by individuals which are either unwilling or unable to compute optimal decision rules such as those derived in the previous section. In Section 4, we use these decision rules to simulate intertemporal consumption-saving decisions. All these decision rules have been proposed in previous literature. Table  1 contains an overview.
Insert Table 1 about here.
The first decision rule is the standard "consume your current income" rule by Keynes (1936) . The second rule corresponds to Friedman's (1957) "permanent income" decision rule. The third rule is taken from Deaton (1992a) . As we explain below, Deaton designed this rule with the explicit goal that it should be easy to compute but still match optimal behaviour closely. All the rules of thumb we consider are relatively easy to compute, although some might seem to be quite involved. Most importantly, however, these rules do not require using backward induction. Each rule provides a closed-form solution for current consumption given expectations about future income (i. e., given survival probabilities and the expected path of future income).
Rule of thumb No. 1 (Keynes)
The first rule of thumb we consider is the simplest rule one can think of -just consume your current income and don't save at all:
This rule is related to the famous consumption function by Keynes (1936) . We should note that a (macroeconomic) Keynesian consumption rule will typically allow for some constant fraction of current income to be saved in each period. Such a rule does not directly translate to the microeconomic life-cycle saving problem since it lacks an element of dissaving (either in rainy days or in retirement). 7 Here, we use the extreme version that rules out any saving as a benchmark case. In the formal analysis of life-cycle consumption and saving decisions, this rule has been used by, inter alia, Hall (1978) , Flavin (1981) , and Campbell and Mankiw (1990) . As simple as it is, this decision rule seems to be natural from a psychological perspective, see Wärneryd (1989) .
Rule of thumb No. 2 (Permanent Income)
The second decision rule is the permanent income rule proposed by Friedman (1957) . This rule is much more complicated than the Keynesian consumption rule, but still much easier to apply than the optimal decision rule. Friedman hypothesized that consumption is a function of permanent income which is defined as that constant flow which yields the same present value as an individual's expected present value of actual income. In Friedman's original work, individuals use a weighted average of past income to compute permanent income. In our simulations, we impose rational expectations about future income so that we can compute permanent income based on the realizations of calibrated income processes. Specifically, we start with the identity
where Y P t is permanent income as of period t, A t are current assets, and H t is the present value of (non-asset) income given by
Assuming that individuals consume their permanent income in every period, and rearranging these identities, we obtain the "permanent income" decision rule,
Setting the interest rate to zero for the moment, this reduces to
Here, one can see that individuals distribute their (expected) total wealth equally over their remaining life time, smoothing consumption, but not insuring themselves against utility losses from negative income shocks as in the life-cycle model presented in Section 2. However, individuals update their expectations about future realizations of the income process. If the stochastic component shows persistence or follows a random walk, permanent income reflects all past and current shocks.
Note that in the absence of income uncertainty (or in the case of certainty equivalence), there is no need for precautionary saving, and this rule of thumb corresponds to the solution of the underlying optimization problem (if one further ignores time preference).
In the life-cycle model with income uncertainty presented in Section 2, the permanent income rule deviates from the benchmark solution. However, as Pemberton (1993) argues, this rule is both forward-looking and easy to compute. Therefore, it might be reasonable to assume such a decision rule for individuals which are "farsighted rather than myopic" and whose "concern is for 'the future' rather than with a detailed plan for the future" (p. 7, emphasis in the original). Pemberton refers to the underlying concept as "sustainable consumption". Our simulations allow us to evaluate how such forward-looking behaviour performs relative to the benchmark solution.
Rule of thumb No. 3 (Deaton)
Deaton (1992a) considers a static consumption rule which is relatively easy to compute. It is much simpler than the permanent income rule, but it is not forward-looking. As Deaton states, his goal was to approximate the solution of the underlying optimization problem (a life-cycle model similar to ours) with a rule that "should be simple, simple enough to have plausibly evolved from trial and error" (p. 257). Deaton assumes that individuals consume cash on hand, X t , as long as cash on hand is less than expected income. If the income realization exceeds expected income, individuals save a constant fraction, ζ, of excess income (and consume the rest right away). Formally, Deaton's decision rule can be written as:
Below, we follow Deaton in setting this fraction to 30%. Deaton explicitly states that he specified this decision rule, including the choice of ζ = 30%, entirely ad hoc. The intriguing feature of this rule is that while being based on just easy-to-compute expected income, it approximates the optimal solution quite well in Deaton's application. We will show below that this is also true in our slightly more involved life-cycle model.
Saving motives reflected by simple rules of thumb
Before we turn to simulating life-cycle saving decisions using these three rules of thumb, it is useful to briefly review the central motives for saving that operate in our benchmark life-cycle model. Table 2 contains an overview of how these saving motives are reflected in the three simple decision rules that we consider. It is important to recognise that decision rules differ in the motives for saving they reflect. As we will see in the next section, in some specifications of the individual's stochastic environment, not all saving motives are relevant. This implies that there is no universal ranking of these decision rules in terms of their usefulness to individuals.
Insert Table 2 about here.
In a world with uncertainty about the length of life and stochastic income, the intertemporal optimization problem of Section 2 is designed to capture both risk aversion (i. e., consumption smoothing over time) and precautionary motives (i. e., self-insurance against negative income shocks). Among our three rules of thumb, Deaton's rule is the only one which allows for a precautionary saving motive, while the "consumption equals income" rule includes no saving motive at all. The permanent income rule is forward-looking in the sense that individuals use their expectations about future income, and in the case of persistent shocks also information about past and current shocks, in their consumption and saving decisions. Therefore, this rule reflects the consumption smoothing motive of saving.
Simulation and evaluation of rule-of-thumb behaviour
In this section, we present simulation results and compute the utility losses associated with using three alternative rules of thumb relative to the benchmark solution, taking preferences as given. More specifically, in order to compare utility losses across different decision rules, we compute a consumption equivalent measure, i. e., the percentage increase in consumption needed in every period and every state which would provide an individual with the same expected life-time utility under a given behavioural rule as she would obtain had she solved the underlying optimization problem. In a different context, this measure of welfare loss has been used by Krueger and Ludwig (2007) .
Calibration of the life-cycle model and welfare measure
In Table 3 , we report the benchmark parameter values used to calibrate the model. We chose these values to be in the range of values typically used in the literature. 8 The parameter values in the income process have been taken from Cocco et al . (2005) . The authors report estimates of the deterministic, hump-shaped life-cycle profile as well as the estimated variance of permanent and transitory shocks. Furthermore, they differentiate between three education groups: households whose head does not have a high school degree, whose head has a high school degree, or whose head has a college degree, respectively. We stratify our simulations by these three education groups. This approach allows us to analyse how the performance of a rule of thumb is affected by the characteristics of the income process faced by the household. Moreover, stratification by education addresses some of the heterogeneity in saving and income insurance that has been documented by Blundell et al . (2008) , inter alia.
Insert Table 3 about here.
In order to quantify the welfare loss associated with using rules of thumb instead of the optimal solution to the maximization problem we compute a consumption equivalent measure. To be precise we compute the percentage increase in consumption a household following a given rule of thumb would need in each period and in each state in order to have the same expected life-time utility as if she was using the optimal solution. Since the within-period utility function is of the CRRA form there exists a closed form solution for this measure once the expected life-time utility has been computed under both the rule of thumb and the rational behaviour.
The analytic solution for the consumption equivalent can be derived in the following way. Under CRRA preferences the expected life-time utility of a household following a given rule of thumb EU ROT is given by
where s 0 t is the ex ante probability of being alive in period t. The consumption equivalent CE is then defined as
where EU OP T is the expected life-time utility of a household who has solved the maximization problem. Rearranging equation (16) yields the closed form solution for the consumption equivalent measure:
In order to obtain the consumption equivalent we thus simulate the discounted life-time utility of 100,000 households both under the optimal solution and under the given rule of thumb. The expected life-time utility under each rule is then computed as the average simulated discounted life-time utility. Equation (17) then directly gives the consumption equivalent measure. 9
Simulation results
In the following, we first show, for each of the three education groups, the age profiles of consumption spending and asset holdings that arise for the alternative decision rules and in three different scenarios: (i) income certain, life length certain; (ii) income stochastic with i.i.d. shocks, life length uncertain; and (iii) income stochastic as a random walk, life length uncertain. We then summarize the implied utility losses that arise, expressed as consumption equivalents. Figure 1 shows consumption spending (left column) and asset holdings (right column) for the three educational groups (from top to bottom: no high school, high school, college) 9 As an alternative welfare measure we also computed the percentage change in income which would give households the same expected utility under a given rule of thumb as under the optimal behaviour. In this case, however, there is no closed form solution since households adjust their behaviour as income changes. The computation is therefore more involved. But under the rules of thumb considered here, households spend most (or even all) of their income anyway, in particular in earlier periods of life. The two welfare measures (percentage increase in consumption and in income, respectively) thus turn out to be almost identical.
when there is no uncertainty -the income path is deterministic, and the length of life is known. In this case, realized income is equal to expected income in every period, and so Deaton's Rule 3 collapses to Rule 1, the Keynesian rule. Both rules imply that households consume their deterministic income in every period. Thus, the dashed line that depicts consumption of these households in the graphs in the left column also shows the deterministic income path.
In the absence of impatience (i. e., interest rate r equal to discount rate ρ), behaviour according to Rule 2 (Permanent Income) would be identical to the optimal behaviour of the rational consumer. However, in the benchmark parameterisation, households are impatient, so optimal behaviour (solid line) shifts more consumption to earlier periods in life than permanent income rule (dash-dotted line) would suggest. Note also that since households are borrowing constrained, Rule 2 households consume less than their permanent income early in life. Finally, due to impatience, rational households would like to have a decreasing consumption profile over their life cycle; however due to the borrowing constraint, these households cannot consume more than their income early in life.
The differences between education groups are also interesting. With increasing education, the income profile becomes steeper. The implications are straightforward. Marginal utility of consumption is high for low levels of consumption at the beginning of life and lower for higher consumption levels later in life. For given education and income profiles, consumption levels are identical for all rules as long as households are still borrowing constrained. Between households that follow different rules, differences in consumption arise only later in life, and these differences are more pronounced the higher education and the steeper the income profile.
The right column of graphs in Figure 1 shows asset holdings for the three education groups and alternative decision rules. As noted above, Rule 1 and 3 (Keynesian and Deaton) households consume their current income in every period so they do not build up any assets. Asset holdings are larger for Rule 2 (permanent income) households than for rational households since the latter prefer earlier consumption because of their impatience.
Insert Figure 1 about here.
In Figure 2 , we introduce uncertainty: Income follows a stochastic process with a deterministic component and i.i.d. shocks, and the length of life is uncertain. In this environment, rules of thumb can now show whether they succeed in helping households insure against income shocks and life-time uncertainty in the absence of insurance markets. As noted above, we simulated realizations of the stochastic income process for 100,000 households; the graphs in Figure 2 show averages across these simulations, again by education group and decision rule. The graphs in the left column again show consumption spending, those in the right column show asset holdings.
Note first that differences in consumption, and thus also in asset holdings, arise already early in life when households are borrowing constrained, in contrast to the deterministic income case in Figure 1 . This is because some households realize positive shocks which are, depending on the decision rule used, not consumed fully. Also for this reason, consumption decisions implied by Rule 1 (Keynesian) and Rule 3 (Deaton) are now different. Another difference to the earlier results is that because of uncertain lifetime, households effectively become more impatient, and impatience increases with age. Thus, consumption is shifted towards younger ages. In particular, rational consumers save less, so their behaviour moves closer to that of Rule 1 and 3 households; conversely, it differs more from that of Rule 2 (permanent income) households. The asset holdings reflect these effects of uncertainty.
A peculiar feature of Rule 3 is that it does not allow for asset decumulation once households are retired. This drawback of this rule is due to its simplicity. One could also imagine that households who follow this rule switch to a different one after retirement. However, we refrain from modeling rule switching in this paper.
Insert Figure 2 about here.
Finally, Figure 3 , which is similarly structured, shows the average age profile of consumption expenditure and asset holdings when income follows a random walk so that shocks have much more severe consequences. The main implication is that rational households save more and have larger asset holdings than in the i.i.d. case. For the three rules of thumb, the differences are minor.
Insert Figure 3 about here.
We now turn to the central question of this paper: How does rule-of-thumb behaviour translate into utility losses, relative to using the optimal decision rule? Table 4 shows utility losses, expressed as consumption equivalents, for a variety of scenarios. More specifically, the numbers in the table are the percentage increases in consumption in each period that would compensate an individual for using a non-optimal decision rule rather than solving the corresponding intertemporal optimization problem.
Insert Table 4 about here.
In Panel A, we report results using the benchmark calibration described in Table 3 . When there is no income risk, consumption equivalents (CEs) and thus utility losses are generally very low (less than one percent). The CE is lowest for college graduates since their income profile is the steepest. This implies that their marginal utility is very high early in life relative to low marginal utility later in life when their consumption level is very high. But differences between the decision rules only occur once households are no longer credit constrained and their consumption level is already high. Hence, college graduates require only a small increase in consumption in the early periods to compensate for the relatively low utility losses later in life. The CEs are relatively high for households in the middle education group that follow Rules 1 and 3: These households face a large drop in income at retirement which is not smoothed by these rules. These results provide a first important insight: Utility losses implied by rules of thumb depend on the income profile, both in early life and around retirement, and they are not necessarily ranked by education.
There are also differences in CEs depending on whether the length of life is uncertain. As mentioned above, life time uncertainty effectively makes agents more impatient. Hence rational households shift more consumption to earlier periods in life. This implies that rational behaviour differs more from the consumption profile implied by the permanent income rule, and thus the utility loss of following this rule increases.
Next, consider the case with stochastic income (the third and fourth lines of Panel A). Rule 1 (Keynesian) households do poorly now since not smoothing transitory income shocks is very costly: their CE goes up to between 15 percent (high education) and 25 percent (low education). CEs for the other two rules also increase relative to the certain income case, but they remain below 10 percent for all education groups. Deaton's Rule 3 does quite well -this is exactly the environment for which it was designed. Rule 2 (permanent income) does relatively poorly for high education households whose income profile is steep so that borrowing constraints bind longer. Whether lifetime is uncertain or not does not have a major effect.
The random walk case (the last two lines of Panel A) is perhaps most realistic. Even though income shocks now have permanent effects, CEs are still relatively low (mostly below 10 percent), in particular for Rules 2 and 3. Here, the permanent income rule does well because it takes shocks into account by updating permanent income. However, there is no smoothing of small shocks early in life because of borrowing constraints, so utility losses relative to optimal behaviour still arise. Only the Keynesian Rule 1 does poorly, even though CEs are smaller than in the i.i.d. case.
Before we turn to a more general interpretation of these results, we briefly discuss Panels B and C of Table 4 . In these simulations, we use alternative parameter values to investigate the sensitivity of our results with respect to households' risk aversion and the variance of the income process. In Panel B, we increase risk aversion by setting the coefficient γ equal to 9 rather than 3. If risk aversion is higher, the curvature of the utility function is larger, so the effects of steep income profiles are more pronounced. As long as income is certain, high school graduates that follow any of the rules of thumb come close to optimal behaviour in utility terms. For the other education groups, CEs tend to increase when risk aversion increases for most decision rules but they remain low. When income is uncertain, higher risk aversion affects rule-of-thumb households quite negatively unless they have very steep income profiles. For the low and middle education groups, CEs go up considerably in the i.i.d. case. Finally, when income follows a random walk, high risk aversion households fare very poorly under any rule of thumb; Rule 2 (permanent income) does slightly better.
In Panel C we increase the variance of the permanent income shock in the random walk case by 3 standard errors. These numbers should be compared with those in the last two lines of Panel A. It is apparent that increasing income variance makes rules of thumb perform less well; CEs increase across the board. However, they typically remain below 20 percent which is perhaps surprisingly low given that the income process has now a rather large variance. As before, Rule 2 (permanent income) performs best in the random walk case since it updates permanent income after each shock.
We can draw several conclusions from the numbers in Table 4 . In the case of income certainty, life-time utility losses resulting from following some rule of thumb rather than solving the underlying intertemporal optimization problem are relatively small. When income is uncertain, individuals who follow rules of thumb in their consumption and saving decisions suffer considerable utility losses relative to the optimal decision rule. Not surprisingly, the magnitudes of these utility losses depend on preferences (here we studied risk aversion) and the specific structure of the income process. There are also many cases in which rules of thumb do not imply substantial utility losses, and rules of thumb which are simpler than others (such as Deaton's rule) do not necessarily perform worse. Unless risk aversion is very high (ρ = 9), utility losses as expressed by consumption equivalents are below 20 percent, and the permanent income rule stays even below 10 percent.
The main conclusion from this comparison is that there is considerable variation in the life-time utility loss associated with using rules of thumb. There is no uniformly best rule of thumb, and for most stochastic environments analysed in this paper, there is some rule of thumb which yields relatively small utility losses (less than 10% of lifetime income). In the case of uncertain length of life and a random walk income process, however, utility losses are substantial for all rules of thumb. When risk aversion is very high, using a rule of thumb is a particularly bad idea. This observation is interesting since one might speculate that in real life, households with high risk aversion might also be those who are financially less sophisticated and thus more likely to use rules of thumb. Similarly, high education households which might be more likely to use sophisticated savings strategies would actually perform relatively better using rules of thumb than low-education households since their income profiles are steeper.
What does a rule of thumb make perform well? Based on our results, we conclude that the key factor that makes a rule of thumb successful is its ability to generate a measure of life-time income that correctly reflects movements in future income. If the life-time income process exhibits a strong deterministic trend and modest shocks with low persistence, this might not be too difficult. We discuss some implications of this finding in the concluding section.
Conclusions
In our simulations of life-cycle consumption and saving decisions under three heuristic decision rules, we found that losses in total life-time utility can, in general, be substantial compared with optimal behaviour (i. e., using the solution of the underlying intertemporal optimization problem for given standard life-cycle preferences). The magnitudes of these losses vary with the assumptions about preference parameters and the properties of the income process. An important result is that for most environments we simulated, there exists some simple rule of thumb which results in only modest utility losses (expressed by compensating variations, these losses are equivalent to between 5% and 10% of life-time income).
We conclude this paper with a discussion of possible extensions of our analysis and implications for future research in the life-cycle consumption and saving framework. The saving rules we analysed in this paper reflect two distinct motives for saving (consumption smoothing and precautionary saving). A natural extension of our approach would be to combine two or more of these rules of thumb. For example, individuals could use a simple static rule such as Deaton's rule (Rule 3) to insure themselves against adverse income shocks, and at the same time, they could do some consumption smoothing by using forward-looking rules, i. e., the permanent income rule (Rule 2) which focuses on income uncertainty. By combining several rules of thumb, individuals should be able to improve their total life-time utility considerably, and they might actually come quite close to using the solution to the underlying optimization problem in utility terms. The concept of mental accounting introduced to the life-cycle saving literature by Shefrin and Thaler (1988) is closely related to the notion of using multiple rules of thumb. For instance, mental accounting implies that individuals make saving decisions with different time horizons and saving goals in mind. Combining rules of thumb with different objectives such as those analysed in this paper with a mental accounting framework appears to be a fruitful direction for future research.
Unfortunately, combining two or more saving rules in our framework would complicate the analysis considerably, both technically and conceptually. The optimization and simulation problem is obviously much more involved, but more importantly, one would have to make assumptions of how individuals allocate funds to different saving rules. This allocation might change over the life cycle. This would imply that a second class of behavioural decision rules would have to be specified for the allocation of saving into different mental accounts.
It would also be interesting to compare the welfare consequences of suboptimal savings decisions (the subject of the present paper) with those of suboptimal portfolio choices (as in Calvet et al. , 2007) when both are driven by rules of thumb. To perform such a comparison, both simulation models would have to be specified and calibrated consistently, or perhaps even embedded in a unified model. Such an analysis would allow us to address the question of whether it is more important to use good rules of thumb for the consumption-saving decision or for the decision of how to invest whatever amount is saved.
Another important research question that we have not addressed in this paper is: How do rules of thumb actually arise? How do individuals decide which behavioural decision rule they use? In our analysis, we have taken the rules of thumb as exogenously given because our main objective was to evaluate the utility loss associated with using some heuristic rather than computing the optimal solution to the underlying decision problem. We did not model the choice between the optimal strategy and using rules of thumb. Rule-ofthumb behaviour could be derived from some meta problem if the cost of computing the solution to the underlying life-cycle optimization problem was taken into account. 10 However, such an approach might run into the conceptual problem of an infinite regress, as discussed by Conlisk (1996) .
A promising approach is to explore how rules of thumb arise endogenously from learning behaviour; for example, Lettau and Uhlig (1999) investigate a model of learning rules of thumb in intertemporal decision problems. However, in a life-cycle saving setting, learning from own mistakes is impossible. Every life-cycle decision is made only once -all decisions are conditional on the planning period (i. e., on age) and cannot be repeated with a different "trial" decisions in the future. Therefore, learning in the life-cycle saving problem is likely to be based on social interactions with other people (family, neighbors, or friends). Brown et al . (2009) present evidence for the relevance of learning: In an experimental study with artificial life-cycle decisions, subjects saved too little initially but learned to save optimally as life cycles were repeated. In the domain of entrepreneurial financial decisions, Drexler et al . (2010) conducted a field experiment with micro-entrepreneurs in the Dominican Republic and found that simple rule-of-thumb training improved business practices and outcomes. An important question for future research thus seems to be how individuals acquire the rules they use for making financial decisions, and whether policy interventions can help individuals to improve the rules they use. This research agenda is obviously related to the ongoing discussion of how households' financial literacy can be improved.
Certain institutions might also provide individuals with saving rules so that they don't need to figure out optimal or heuristic saving rules themselves. An important example is social security which replaces the need for discretionary long-term saving to some extent. Another mechanism that provides rules for long-term saving is housing expenditure. In countries such as the U.S. and the U.K., many households buy their first family homes relatively early in their life cycle, and this decision determines a large fraction of their consumption and saving pattern over future years. In Germany, due to its favorable tax treatment, the acquisition of life-insurance policies with substantial saving components during the early stage of the active working life has been quite common in the past, see Sauter and Winter (2010) . The acquisition of a family home or a life-insurance policy is a one-time decision that fixes a substantial part of life-cycle saving and it reduces the scope for discretionary saving over remaining years substantially. There is also some recent evidence that individuals are quite willing to follow saving rules provided by institutional arrangements; e. g., Thaler and Benartzi (2004) and Choi et al . (2005) . The behavioural patterns mentioned in this paragraph (based on direct imitation, social traditions, or institutional arrangements) can be interpreted as following a heuristic saving rule, and they might result in decisions that are quite close to optimal life-cycle behaviour.
Any empirical analysis of rule-of-thumb saving behaviour would have to account for the possibility that individuals are heterogeneous with respect to the decision rules they use. Once we give up the fiction of optimal behaviour based on the solution to a (unique) underlying optimization problem, the result that all individuals follow the same decision rule does not need to hold any more. Some individuals might care more about short-term precautionary saving, some for long-term consumption smoothing, while others might rely on saving rules provided by institutional arrangements. As noted above, combinations of rules might arise as well. To our knowledge, there exist no econometric studies that try to identify individual decisions rules in a life-cycle saving context, but this is clearly an important area for future research that could build on results from laboratory experiments on decision rules in dynamic problems by Müller (2001) , Houser and Winter (2004) , and more recently Hey and Lotito (2009), Hey and Panaccione (2011) , and Hey and Knoll (2010) .
Based on our results on the performance of simple saving rules, we would argue that an important direction for research on life-cycle consumption and saving behaviour is how social learning and institutional factors generate simple decision rules, and to test whether individuals actually use such rules with micro data on household consumption and saving. Note: Life-time utility losses are expressed as the percentage increase in consumption in each period and state that would compensate an individual for using non-optimal decision rules rather than solving the corresponding intertemporal optimization problem. Parameter values for the benchmark model are reported in Table 3 . 
